In this letter we show how symmetries of the equations of motion which are not symmetries of the action can be used to explicity construct a smooth interpolation between type IIA string theory and M(atrix) theory.
Dualities play a central role in our current understanding of the non-perturbative dynamics of string and supersymmetric gauge theories. In particular, the strong coupling limit of type IIA superstring theory is eleven dimensional M theory [1] . All known superstring theories can be obtained as the limits of suitable compactifications of M theory proving that all known superstring theories are in fact different descriptions of a single underlying theory. These descriptions can be interchanged using a web of known dualities.
In this way, the strong coupling regime of one string theory can be mapped into a weakly coupled dual string theory allowing a rather complete description of strongly coupled string dynamics. The strongest support for the conjectured duality symmetries comes from testing the predictions implied by these symmetries and is thus rather indirect. Dualities are still mysterious and up to now a general understanding of how these duality symmetries arise is missing. In this letter, we describe a natural mechanism in terms of which S duality symmetries can arise. We show how this mechanism is realized in the context of IIA string theory / M theory duality.
S duality maps strongly coupled descriptions into weakly coupled descriptions. For any theory admitting a loop expansion, the coupling constant can be factored out of the action. For these theories a duality map should transform the action as
where β is a constant. This observation provides an important insight into duality maps: the equations of motion which follow from the original action are identical to the equations of motion which follow from the transformed action. Thus, we have the result that a symmetry of the equations of motion which is not a symmetry of the action provides a map between two theories with different couplings. These symmetries are natural candidates for possible duality tranformations. In the remainder of this letter, we show that the duality map relating type IIA string theory to M theory can be constructed using this insight.
Our starting point is the M(atrix) description of M theory. The relevant Lagrangian, written in units where the string scale
Compactifying M -theory on a circle of radius R 9 one obtains type IIA string theory [1] . In these units, the relation between the compactification radius R 9 and the string coupling constant g is (see for example [2] )
Let us concentrate on the bosonic piece of the above Lagrangian. After compactifying x 9 on a circle of radius R 9 [3] we find
The interpretation of the fields appearing in the above Lagrangian is as follows:
describes a configuration of D0 branes whilst X
I n describe open strings stretching between these D particles, which wind n times around the compact dimension x 9 . This is easily verified by means of a simple semi-classical computation. A suitable classical solution is provided by taking all X I n to be equal to zero except for X 9 0 which has two non-zero entries
and corresponds to a configuration with two D0 branes located at x I = 0, for I = 1, ..., 8 and at x 9 = x 1 for the first D0 and x 9 = x 2 for the second D0. We will employ the Born-Oppenheimer approximation (freezing the position of the D0 branes) which amounts to neglecting fluctuations of the X I 0 coordinates. Consider the fluctuations for the remaining coordinates
Inserting this into the Lagrangian, we can read off the masses of these fluctuations [3] . Since the mass of an open string is proportional to its length, it is rather simple to verify that α n and δ n correspond to open strings which wind n times around x 9 and begin and end on the same D particle whilst β n and γ n describe open strings which wind n times around x 9 but begin and end on different D particles.
Our interpretation of equation (4) is therefore that it describes the winding modes of M(atrix) theory compactified on a circle of radius R 9 , i.e. it describes the winding modes of type IIA string theory. Thus, if we now interpret n as a momentum label and take a Fourier transform, we obtain the x space description of the T dual field theory of D1
branes. Introducing the Fourier expansions
we find the action of the T dual theory
as usual and we have reinstated the fermions. According to T duality, this theory is IIB string theory. This identification is not the usual one [2] , [4] but has been explored in [5] . Further evidence for this identification can be seen as follows: rewrite the action in light cone coordinates
) and in the lightcone gauge A − = 0
Note that no time (x + ) derivatives of θ L or A + appear in the action. These fields can thus be eliminated to yield the action
This action contains only θ R which is exactly as it should for the (chiral) IIB string [6] .
We now demonstrate that the equations of motion which follow from (9) have a symmetry which is not a symmetry of the action. The Euler-Lagrange equations following from (9) are
Using the above equations of motion, it is not difficult to show that purely bosonic solutions with θ L,R = 0 exist. For this set of solutions it is a simple matter to obtain the
This equation has been studied extensively in [7] , [8] . It is of the Lax form and has a rich structure including multi-soliton solutions, an auto-Bäcklund transformation and a non-linear superposition principle [8] . It also has a diffeomorphism invariance in the x − coordinate which is not a symmetry of the action [7] . Reference [7] is the first instance in which such a symmetry has been identified.
It is not difficult to verify that the set of transformations of the form x − → ax − with a a constant are symmetries of (11) , with the fields scaling as
Under the symmetry (13) the Lagrangian transforms as 1 2gR
explicitly demonstrating that (13) is not a symmetry of the action: indeed the action is a homogeneous function under the scaling (13) . This is independent of the choice of gauge.
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Inspection of the transformation (14) shows that our original theory is mapped into a theory with an effective string coupling constant ag (read off the factor multiplying the action) and compactification radiusR/a (read off the limits of the σ − integration). Thus, we can map a strongly coupled theory with a small compactification radius into a weakly coupled theory with a large compactification radius.
To be sure that this map is indeed the duality transformation that we require, it is necessary to verify that the radius R 9 of the S 1 on which M theory has been compactified has the correct relative scaling with respect to the string coupling constant. This is straightforward sinceR →R a corresponds to R 9 → aR 9 .
There is one more test which can be performed. If we take the limit a → ∞ the compactification radius diverges and we should recover eleven dimensional M theory. In the limit as a → ∞, the interval over which we integrate in (14) becomes so small, that the fields may be taken to be constant over the range of integration. Thus, the value of the integral is simply given by multipying the integrand by the length of the interval over which we integrate. In this limit, we can replace
If we identify X 9 = A 9 , then we see that this last equation is nothing but (2) written in the gauge A 0 = X 9 , which is the natural eleven dimensional interpretation of A − = 0.
Thus, we do indeed recover M(atrix) theory.
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